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Quantum teleportation is a prime example of a quantum infor-
mation processing task, where an unknown state can be perfectly
transported from one place to another using previously shared
entanglement and classical communication between the sender
and the receiver. Since the first introduction of quantum teleporta-
tion protocol by Bennett [1], research on quantum teleportation has
attractedmuch attention in recent years. A number of experimental
implementations [2–5] of teleportation have been reported and
some schemes of quantum teleportation have also been presented
[6–9]. Teleportation of an arbitrary single qubit, through an entan-
gled channel of Einstein–Podolsky-Rosen (EPR) pair [1] is reported.
It is shown that three-qubit GHZ state and a class ofW states can be
used for perfect teleportation of one qubit state [10,11]. In addition,
the tensor products of two Bell states [12] and the genuine four-
qubit entangled states [7] are also used for perfect teleportation
of two-qubit states. For a general case, it is proved that only maxi-
mally entangled pure states in Cd  Cd could faithfully teleport an
arbitrary pure state in Cd [13,14]. Teleportation of finite dimen-
sional quantum states by a non-local entangled state is also studied
[15,16].
In Ref. [8] we have given a criterion for faithful teleportation of
an arbitrary two-qubit state via collapsed operator. In Ref. [13], we
have shown that there exists a relation between the LU (local uni-
tary) transformation invariant and perfect teleportation. However,in a realistic situation, the teleportation channel is not always the
maximally entangled states. Especially, for asymmetric quantum
channel, it is important to choose appropriate measurement basis
so that an unknown state can be teleported optimally. Chen et al.
[6] gave a protocol for quantum teleportation of an arbitrary
N-qubit state using 2N-qubit entanglement channel which is a ten-
sor product of N-Bell states. Zhang et al. [20] have presented a sim-
pler criterion and flexibility of operation complexity for perfectly
teleporting arbitrary n-qubit state with 2n-qubit pure state. In
2015, Verma et al. [21] have presented a simple protocols for stan-
dard quantum teleportation and controlled quantum teleportation
of N-qubit information state and analyzed the case of perfect tele-
portation using general quantum channels and measurement
bases.
Recently, multipartite entanglement classification has been
studied via the coefficient matrix [10,14,17]. 2013, Li etc introduce
an entanglement measure named MAPE. The mathematical con-
nection between the MAPE and the coefficient matrices is estab-
lished [18]. For multipartite pure states, Zhang et. give a set of
invariants in terms of singular values of coefficient matrices [19].
In this paper, we present a comprehensive study of quantum
teleportation via arbitrary quantum channel by the method of
coefficient matrix. We define channel matrix, measurement matrix
and collapsed matrix for teleportation. Furthermore, the general
relation among channel matrix, measurement matrix and col-
lapsed matrix is obtained. A general criterion is provided to easily
identify whether an arbitrary given quantum channel can be tele-
ported successfully or not.
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We first construct the related coefficient matrix as introduced
in Ref. [9]. Let us suppose that the sender Alice has particles in
an unknown state:
jvia ¼ ðx0j0i þ x1j1i þ    þ xn1jn 1iÞa ð1Þ
where x0; x1;    ; xn1 are arbitrary complex numbers, and it is
assumed that the wave function satisfies the normalization condi-
tion
Pn1
i¼0 jxij2 ¼ 1.
Suppose that Alice and Bob share a state jwiBA as the quantum
channel, jwiBA can be represented in the following form,
jwiBA ¼
X
i;j
Ci;jjiiB  jjiA;
i ¼ 0;1;    ;n 1; j ¼ 0;1;    ;m 1;
ð2Þ
where i ¼ 0; 1;    ; n 1; j ¼ 0; 1 ;    ; m 1:Wewrite A1;    as A,
B1;    as B for convenience. That is to say, the particles AðA1;   Þ are
in Alice’s possession, and the other particles BðB1;   Þ are in Bob’s
possession. A channel matrix Cn;m associated to the state jwiBA is
defined by
Cn;mðjwiBAÞ ¼ ðCi;jÞnm ð3Þ
The system state of the particles can be expressed as:
jwis ¼ jvia  jwiBA ð4Þ
It is well known that a quantum state can be transferred per-
fectly through a swap operator PaB defined by [13]:
PaBhaBj ¼ hBaj ð5Þ
where
PaB ¼
X
kl
jkliaBaBhlkj ð6Þ
Then jwis can then written as [14]:
jwis ¼ jvia  jwiBA ¼ PaBjviB  jwiaA ð7Þ
On the other hand, we have [8]
jwis ¼ jvia  jwiBA ¼
X
r
juriAarrBjviB ð8Þ
Assume that Alice’s measurement basis is juriAa, which has the
following form:
juriAa ¼
X
k;l
Mrk;ljkiA  jlia;
k ¼ 0;1;    ;m 1; l ¼ 0;1;    ; n 1
ð9Þ
A measurement matrix Mrm;n associated to the state juriAa is
defined by
Mrm;nðjuriAaÞ ¼ ðMrk;lÞmn ð10Þ
According to Eqs. (4–8), we can obtain collapsed matrix rrB,
which can be expressed as
rrB ¼ Cn;mðjwiBAÞ  ½Mrm;nðjuriAaÞ ð11Þ
The criterion for teleporting an arbitrary unknown state can be
given in terms of the collapsed matrix.
If the collapsed matrix is full ranked, i.e. the collapsed matrix is
reversible; the unknown particle entangled state can be teleported.
Furthermore, if rrB ¼ kUrB (k is an arbitrary constant, UrB is a unitary
operator), Bob can determine the state of unknown particles
exactly by the inverse of the collapsed operator ðUrBÞ1. Conse-
quently the unknown particle entangled state is teleported
perfectly.If the collapsed matrix is not full ranked, i.e. collapsed transfor-
mation operator is not reversible; the general unknown entangled
state cannot be teleported perfectly.
The rank of the collapsed matrix
Now we begin to discuss the relation among channel matrix,
measurement matrix and collapsed matrix.
We will use rc and rm to denote the rank of the channel matrix
Cn;m and measurement matrixMm;n. In terms of channel matrix and
measurement matrix, it can be verified that the following result
holds:
(i) For quantum channel jwiBA, if n < m, then we can write
rc 6 n, rm 6 n. We refer to the rank of the collapsed matrix
as rcollap. Therefore, the rank of the collapsed matrix rrB satis-
fies rcollap 6 n. In this case, if rcollap ¼ n, the collapsed matrix is
reversible, the unknown particle entangled state can be tele-
ported; if rcollap < n, the collapsed matrix is not reversible,
the general unknown particle entangled state cannot be
teleported.
(ii) If n > m, similarly, we have rc 6 m, rm 6 m, then the rank of
collapsed matrix rrB satisfies rcollap 6 m. Therefore, we know
rcollap < n. In this case, the collapsed matrix is not full rank;
the general unknown entangled state cannot be teleported.
(iii) If n ¼ m, i.e. for symmetric quantum channel, we have rc 6 n,
rm 6 n, then the rank of collapsed matrix rrB satisfies
rcollap ¼ minðrc; rmÞ. In this case, only channel matrix and
measurement matrix are both full rank, can collapsed matrix
become full rank matrix. That is to say, only when the quan-
tum channel and Alice’s measurement basis are both maxi-
mally entangled states, can the unknown particle
entangled state be teleported.
To show the applicability of this criterion, we take an example
of the quantum channel given in the two-qubit system. We have
jui12 ¼ a0j00i þ a1j01i þ a2j10i þ a3j11i ð12Þ
If the particle 1 is in Alice’s possession, and the particle 2 is in
Bob’s possession. Namely,
jwiBA ¼ a0j00i þ a2j01i þ a1j10i þ a3j11i ð13Þ
Then the channel matrix associated to the state jwiBA is given by
C2;2 ¼
a0 a2
a1 a3
 
ð14Þ
If quantum channel is an Einstein -Podolsky-Rosen(EPR) pair
jwiBA ¼ 1ﬃﬃ2p ðj00i þ j11iÞ, then we have
C2;2 ¼ 1ﬃﬃﬃ
2
p 1 0
0 1
 
: ð15Þ
We can see that the channel matrix is a full rank matrix. And if
Alice’s measurement basis are Bell states measurement basis, for
example,
ju1iAa ¼
1ﬃﬃﬃ
2
p ðj00i þ j11iÞ ð16Þ
The measurement matrix can be obtained as,
M12;2ðju1iÞ ¼
1ﬃﬃﬃ
2
p 1 0
0 1
 
ð17Þ
It is easy to see that the measurement matrix is full rank. That is
to say, for symmetric quantum channel, the Bell states measure-
ment basis is optimal measurement basis.
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r1B ¼ C2;2ðjwiBAÞ  ½M12;2ðju1iAaÞ
 ¼¼ 1
2
1 0
0 1
 
ð18Þ
Obviously, rrB ¼ kUrB (k is 1/2). Consequently the unknown par-
ticle entangled state is teleported perfectly.
Another example is the three-qubit W state [14]
jWi123 ¼
ﬃﬃﬃ
2
p
2
j001i þ a2j010i þ a4j100i
 !
123
ð19Þ
where ja2j2 þ ja4j2 ¼ 12.
Suppose that Alice has particles 1, 2 and Bob has the particle 3.
Then we have channel matrix associated to the state jWi123 is given
by
C2;4 ¼
0 a2 a4 0ﬃﬃ
2
p
2 0 0 0
 !
ð20Þ
And Alice operates a Von Neumann type measurement using
the following states
ju1i12a ¼ ð
ﬃﬃ
2
p
2 j001i þ a2j010i þ a4j100iÞ12a
ju2i12a ¼ ð
ﬃﬃ
2
p
2 j001i þ a2j010i þ a4j100iÞ12a
ju3i12a ¼ ð
ﬃﬃ
2
p
2 j000i þ a2j011i þ a4j101iÞ12a
ju4i12a ¼ ð
ﬃﬃ
2
p
2 j000i þ a2j011i þ a4j101iÞ12a
ð21Þ
For Von Neumann type measurement basis, the corresponding
measurement matrix can be expressed as follows:
M14;2 ¼
0
ﬃﬃ
2
p
2
a2 0
a4 0
0 0
0
BBBB@
1
CCCCA;M24;2 ¼
0 
ﬃﬃ
2
p
2
a2 0
a4 0
0 0
0
BBBB@
1
CCCCA;M34;2 ¼
ﬃﬃ
2
p
2 0
0 a2
0 a4
0 0
0
BBBB@
1
CCCCA;M44;2 ¼

ﬃﬃ
2
p
2 0
0 a2
0 a4
0 0
0
BBBB@
1
CCCCA
ð22Þ
Then we have the corresponding collapsed matrix
r1B ¼ C2;4 M14;2 ¼ 12
1 0
0 1
 
r2B ¼ C2;4 M24;2 ¼ 12
1 0
0 1
 
r3B ¼ C2;4 M34;2 ¼ 12
0 1
1 0
 
r4B ¼ C2;4 M44;2 ¼ 12
0 1
1 0
 
ð23Þ
Obviously, collapsed matrix satisfies rrB ¼ kUrB, which is the pro-
duct of constant and unitary matrix. Therefore, Bob can determine
the unknown particle entangled state exactly by unitary transfor-
mation matrix ðUrBÞ1.
Next, we give another example of four-qubit entangled state,
presented by Yeo and Chua [7].
jYCi1234 ¼
1
2
ﬃﬃﬃ
2
p j0000i  j0011i  j0101i þ j0110ið
þj1001i þ j1010i þ j1100i þ j1111iÞ1234 ð24Þ
If the particle pairs 1, 2 are in Bob’s possession, and the other
two particles 3, 4 are in Alice’s possession. Then the channel matrix
associated to the state jwi12ð34Þ is given by
C4;4ðjwi12ð34ÞÞ ¼
1
2
ﬃﬃﬃ
2
p
1 0 0 1
0 1 1 0
0 1 1 0
1 0 0 1
0
BBB@
1
CCCA ð25ÞObviously, the channel matrix is the product of constant and
unitary matrix. That is to say, the rank of this channel matrix is
maximal; therefore, the unknown particle entangled state can be
teleported perfectly. But if the particle pairs 1, 4 are in Bob’s pos-
session, and the other two particles 2, 3 are in Alice’s possession.
Then the channel matrix associated to the state jwi14ð23Þ is given by
C 04;4ðjwi14ð23ÞÞ ¼
1
2
ﬃﬃﬃ
2
p
1 0 0 1
0 1 1 0
0 1 1 0
1 0 0 1
0
BBB@
1
CCCA ð26Þ
Obviously, the rank of the coefficient matrix C04;4 is 2, which is
smaller than the full rank 4. Therefore, the general unknown two
particle entangled state cannot be teleported perfectly.
By analyzing above, we know that for the same multi-qubit
entangled state, the entanglement property of quantum channel
is completely different due to different particle distribution of Alice
and Bob.Conclusion
In conclusion, we define channel matrix, measurement matrix
and collapsed matrix. The general relation between these three
matrixes is obtained. We have proved that the rank of the channel
matrix is an important parameter which determines the channel
capacity. Furthermore, we have shown that quantum channel can
be used for faithful teleportation if and only if collapsed matrix is
the product of constant and unitary matrix. The optimal match of
measuring basis and quantum channel can be investigated by the
collapsed matrix. It is also known that only when the number of
parameters in an unknown state is smaller than the rank of the
channel matrix, can an unknown state be teleported perfectly.
Therefore, a criterion for judging whether a state can be teleported
successfully is given.
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